Introduction
Consider an arbitrary Riemann problem for a pressureless gas dynamic model given by the system u t + (uv) x = 0 (uv) t + (uv 2 ) x = 0, (1) orig.probl.
and the initial data where u and v present a density and a velocity, respectively. The two eigenvalues of the system are the same λ 1 = λ 2 = v and the system is weakly hyperbolic. The above problem has a bounded weak entropy solution consisting of combinations of contact discontinuities and vacuum states (u ≡ 0) when v l ≤ v r , and a delta shock wave solution when v l > v r , see [1] or [15] . The subject of the present paper is numerical verification of delta shock wave existence for (1), so we consider only the case v l > v r . Then a solutions does not contain the vacuum state and we transform it into the evolutionary form u t + w t = 0 w t + (w 2 /u) x = 0, (3) 1'
by the substitution w = uv. The initial data is now given by u(x, 0) = u l , x < 0 u r , x > 0 , w(x, 0) = w l = u l v l , x < 0 w r = u r v r , x > 0 .
The measure theoretic solution to (1,refid0) constructed in a number of papers (see [4] or [15] , for example) has a distributional limit given by U (x, t) ≈ u l , x < ct u r, x > ct
Another possibility, which will be presented here, is to give a solution using generalized function space obtained from nets of smooth functions. Spaces of that type are already successfully used in numerics for PDE's. One can look in the book [2] for some other examples. The particular version of Colombeau generalized functions, G g (R 2 + ), used in the present paper is defined in [11] .
1
The admissibility condition for delta shock waves used in the paper is given by the condition λ 2 (u l , v l ) ≥ λ 1 (u l , v l ) ≥ c ≥ λ 2 (u r , v r ) ≥ λ 1 (u r , v r ).
The waves which satisfy the above condition are said to be overcompressive.
First, we solve Riemann problem for system (3) in the case w l /u l > w r /u r using the above mentioned space of generalized functions G g (R 2 + ). The obtained solution can be interpreted as a net of smooth functions possessing the distributional limit which contains the delta function.
Second, we present a numerical solution in a large time interval which gives a reasonable verification of the above solution both of system (1) and its perturbation u t + w t = 0
where 1 < γ < 3, w l /u l > w r /u r . System (4) is called isentropic gas dynamics model. We take γ to be constant or coupled with µ: γ = γ(µ) → 1 as µ → 0. Contrary to a viscosity approximation when a perturbed system is parabolic or mixed hyperbolic-parabolic, system (4) is hyperbolic so its Riemann problem can be solved by a combination of the usual elementary wave solutions. In all three cases the obtained results are mutually consistent and they are consistent with generalized solution. Another interpretation of such a results is that the numerical procedure used in this paper is also robust enough for weakly hyperbolic problems.
There is a large class of numerical methods dealing with conservation laws. Roughly speaking, one can consider methods on fixed or moving meshes. As discontinuities propagate in time, the solution at a spatial point can change very rapidly and therefore fixed spatial mesh requires extremely small time step. On the other hand there is no justification for small time steps in smooth regions. That is why a nonuniform mesh with reasonably large spatial step in smooth regions and small step in discontinuity regions should be more efficient for this type of problems. As shocks travel in time, mesh should also be able to adjust in time so that points remain concentrated near discontinuities, thus maintaining a balance between computational costs and accuracy. Time adaptation can be done by static regridding technique, or it can be based on dynamic refinement in which the mesh equation is explicitly derived. Based on the equidistribution principle, which attempts to distribute some measure of solution error over the spatial domain, dynamic refinement naturally generates concentration of mesh points in the regions of discontinuity. This technique leads to the coupled problem consisting of mesh equation based on monitor function and physical PDE, see [3] or [13] .
High resolution finite volume methods are employed to solve the physical PDE. One of them is the wave propagation method introduced by LeVeque in [7] and implemented in the software package CLAWPACK [6] . The method is based on Godunov's scheme and Roe's solvers with addition of high resolution terms. One of the implementations of this method, coupled with dynamic refinement of mesh with fixed number of spatial points is presented in [13] . That algorithm, with the necessary adjustment to the specific problem we consider here, will serve as a base for our experiments.
Delta shock waves can be obtained using the following procedure. The first step is the smoothing of initial data (2) over some finite interval where a small parameter ε > 0 denotes the smoothing width. The second step is to find a smooth weak solution depending on the given perturbation term to the Riemann problem, the so called generalized solution. Interpretation of the solution can be given in a framework of Colombeau generalized functions algebras, like in [9] : Solutions are considered as nets of smooth functions depending on a parameter ε with equality substituted by the distributional convergence as ε tends to zero.
Due to the specific nature of the delta shock waves (they contain δ-functions) it is not possible to follow the solution to (1) numerically in some large time interval. Therefore we will follow the solution only until a time point T where the delta shock is clearly formed.
The situation is different for the perturbed system (4) even for a small value of a perturbation coefficient µ. The solution is a combination of two shock waves in the case w l /u l > w r /u r , and we can follow the numerical solution for a quite long time. There is no need for a generalized solution.
The basic numerical algorithm will be the one presented in [13] , with some adaptation to the specific problem we consider. First of all we apply the smoothing technique to initial data in order to avoid non-physical oscillations. The original problem (1) is modified by introducing the perturbation term as will be explained later. The monitor function used to distribute the mesh points is based on the arclength function with a parameter that prevents too many points in the shock regions but allows enough points in these regions. Furthermore the mesh is moving in spatial domain with time in order to follow the waves. These parameters (smoothing, perturbation, mesh parameter and spatial movement of the mesh) have a great influence on performance of the method and therefore need careful adjustment. Several properties of delta shock waves are exploited in order to check the relevance of obtained numerical solution.
Generalized solution
We shall briefly repeat some definitions of Colombeau algebra given in [11] and [9] . Denote R 
. This is also true for C
+ ) is an multiplicative differential algebra, i.e. a ring of functions with the usual operations of addition and multiplication, and differentiation which satisfies Leibniz rule.
e. drop the dependence on the t variable), then one obtains E M,g (R), N g (R), and consequently, the space of generalized functions on a real line, G g (R).
In the sequel, G denotes an element (equivalence class) in
, one can define a restriction of a generalized function to {t = 0} in the following way.
For given
. In the same way as above,
If G ∈ G g and f ∈ C ∞ (R) is polynomially bounded together with all its derivatives, then one can easily show that the composition f (G), defined by a represen-
The equality in the space of the generalized functions G g is to strong for our purpose (see [10] for some nice examples), so we need to define a weaker relation, so called, association.
as ε → 0. Two generalized functions G and H are said to be associated,
The rate of convergence in D ′ with respect to ε is called the order of association.
A generalized function G is said to be of a bounded type if
G ∈ G g is a positive generalized function if there exists its representative G ε and a real a > 0 such that G ε (x, t) ≥ a, for every (x, t) ∈ R 2 + . This condition on a representative also means that
where u * φ ε /N g denotes the equivalence class with respect to the ideal
, where * denotes the usual convolution in D ′ . It is clear that ι φ commutes with the derivation, i.e.
is said to be a generalized step function with value (y 0 , y 1 ) if it is of bounded type and
Suppose that the initial data are given by
Definition 5. Delta shock wave is an associated solution to (3) of the form 
, where δ is the delta distribution. Also, the standard choice for a representative of a step function is
The above definition does not provide a unique way to interpret the product of generalized step and delta function (as in [9] , where the representatives are chosen in a special way), but this fact has not importance in the case of system (3) as one will see later.
We shall use the following three lemmas.
for any smooth function s :
Proof. Take a representatives B ε ≥ τ and
Since |A ε (x, t)| ≤ C 1 < ∞, the integrand of the last integral is bounded. The fact that mes(supp φ ∩ {(x, t) : |x − ct| < ε}) ≤ const · ε proves that I → 0 as ε → 0.
Lemma 2. Let A, B and D be as above. Let s i : R + → R + , i = 1, 2, be smooth functions. Then
Proof. Immediately one can see that
Remark 2. Let us note that it generalized delta functions above have different representatives, the relation (6) need not to be true. For example, if they have representatives with disjoint supports, then the obtained result would be
instead of zero. lm3 Lemma 3. Let A, D and s i be as above. Suppose that B is of the bounded type.
provided that s 1 (t)/s 2 (t) can be continuously prolonged to the point t = 0.
Proof. Using the fact that G g (R 2 + ) is a multiplicative algebra one gets
In the last association process we have used relation (6).
Now we are in the position to state the following theorem.
th1 Theorem 1. There exists an overcompressive delta shock wave solution to (3,2) if u l , u r > 0, w l /u l > w r /u r .
Proof. Let
where G and H are generalized step functions with values (u l , u r ) and (w l , w r ), resp., s i : R + → R + , s i (0) = 0, i = 1, 2, are smooth functions, and D is a generalized delta function. In the sequel we shall omit the argument x − ct where it appears. We have
where we have used Lemmas 1-3. Substituting (7) into the first equation in (3) one gets
Thus, s 1 (t) = σt, s 2 (t) = cσt and
Substitution of (7) into the second equation in (3) and use of (8) yields
Solving (9) and (10) gives
Taking into the account the overcompressiveness condition
one gets the following final result for the speed of the delta shock wave
, and otherwise c = w l + w r 2u r .
In the both cases
(11) sigma This proves the theorem.
Remark 3. (a) Let us note that the solution obtained in the theorem is associated to the distributions 
The numerical algorithm
The algorithm we use here is a modification of the algorithm introduced in [14] . Therefore, we will explain it briefly with a detailed explanation of the changes we made in order to get more efficiency and better resolution.
The solution procedure is based on two independent parts: a mesh redistribution algorithm and a solution algorithm. We shall first explain the solution algorithm.
Let {t n } denote the sequence of time steps with ∆t n = t n+1 − t n . Assume that a fixed uniform mesh on the computational domain [a, b] is given by
where ξ ∈ [0, 1], and x(0) = a and x(1) = b. The Godunov scheme (see [7] ) assumes that the solution is piecewise constant on each subinterval [x j , x j+1 ] and the discrete solution is taken as an average value of the actual solution along the lower cell boundary,
where ∆x n j = x n j+1/2 − x n j−1/2 presents the local spatial step. The method requires the solution of Riemann problems at every cell boundary in each time step. Doing so in practice can be very expensive, especially for nonlinear problems, as is the case with problem (1). Therefore, it is advisable to introduce the approximate Riemann solver [12] , which is based on the linearized system
where A is an m × m matrix with the following properties
Since A is diagonizable with real eigenvalues, we can decompose
where Λ = diag(λ 1 , λ 2 , ..., λ m ) is a diagonal matrix of eigenvalues and R = [r 1 | r 2 | .... | r m ] is the matrix of the appropriate eigenvectors. Let us introduce the following notation:
Now, for the linearized system (13) Godunov's method takes the form
Kakve gornja formula ima veze sa "A"? Besides that, the scheme requires the time step to satisfy the Courant-FriedrichsLevy stability condition ([8])
Although, in practice a more restrictive condition ν ≤ 0.9 is used. It is also useful to mention that the Godunov scheme is implemented in the software package CLAWPACK ([6]) used by us. We use the Roe solver for problem (3) to get a linearized system
The matrix A is of the form
with eigenvalues
and the corresponding eigenvectors
Since the solution to a Riemann problem of a linear hyperbolic system of PDE's is consisting of jumps of the form
(16) koeficijent alfa
Since λ 1 = λ 2 relation (16) yields u r − u l =α 1 + α 2 w r − w l =α 1 λ 1 + α 2 λ 2 , "A" so we have
Let us now introduce another way we handled weakly hyperbolic system (3) without using a perturbation. Since in that case we have λ 1 = λ 2 , it holds r 1 = r 2 , and (16) gives
One of possible solutions of the above system is
Let us now explain the mesh redistribution algorithm. The equidistribution principle (a detailed explanation can be found in [?] ) is formulated as M x ξ = constant or equivalently
for a monitor function M (x, y) > 0. Generally speaking, the monitor function is an appropriately chosen measure of numerical solution of the physical PDE. In order to solve the mesh redistribution equation (17), in [14] it is suggested to take an artificial time τ and solve
with boundary conditions x(0, τ ) = a and x(1, τ ) = b. Discretizeeing (18) we get
where ∆ξ = 1/(J + 1). Solving (19) with boundary conditions x 0 = a and x J+1 = b leads to a new grid. In [14] it is also suggested to use the following Gauss-Seidel type iteration to solve the mesh moving equation (17):
In the above mentioned paper it is demonstrated that the new mesh {x n+1 } generated by (20) keeps the monotonic order of {x n }. In this paper, we will introduce an alternative approach. We will use a Newtontype iteration to solve (17):
Let us demonstrate that the new mesh {x n+1 } generated by (20) keeps the monotonic order of {x n }. after dividing by −(M j + M j−1 ). Here
Obviously, α j , β j > 0. Since α j + β j = 1, equation (22) yields
for some j, 1 < j < J. Relations (23), (24) and positivity of α j and β j yields
. Continuing in such a way we get
Let us make some discussion about the monitor function M now. If M is the arc-length function, i.e. M = 1 + |u x | 2 , then the corresponding centered finite difference approximation is given by
where U j = (U j+1 ∆x j + U j ∆x j+1 )/(∆x j+1 + ∆x j ). As M is largest where the solution changes most rapidly, the spatial points concentrate in regions with large gradient changes. In order to avoid local oscillation of non-smoothness due to large gradient changes, it is useful to replace the mesh function with a regularized version M i . The regularized function we use in this paper is suggested in [14] and is given by
Using (21) and (25) we get
To balance the number of points inside a steep internal layer, we use a regularizing factor α in the following manner:
where α > 1. The factor α allows us to reduce the magnitude of the monitor function in situations where |u x | is very large, thereby avoiding over-resolution of steep layers, while also ensuring that M still retains a significant peak near these discontinuities. Different approaches in scaling α, based on the maximum solution value, maximum derivative value or the average value of the derivative over the spatial domain, suggested in [3], [7] and [13] respectively, have been successful with linearized mesh equation, but have no sense in a nonlinear case. Therefore, in [14] the regularizing factor is suggested to be taken for free. However, in the region where the monitor function has high magnitude, there is a significant number of points, so ∆x j goes to zero. Thus, in some time step, while moving the mesh from {x n,m j } to {x n,m+1 j } the CFL number (15) can go out of range (i.e. ν > 0.9). So one has to interrupt the moving mesh procedure by taking the previous mesh {x n,m j }, although x n,m j − x n,m−1 j > ε. In order to avoid such interrupting of the numerical procedure in the case ν > 0.9, we suggest increasing the regularizing factor with some fixed amount and performing the current time step again.
Since the shock travel within spatial domain with time it is necessary to generate mesh that is also moving within spatial domain. Otherwise we would not be able to follow the solution for longer time intervals. This mesh adjustment is done using the following procedure: The current spatial domain is divided into two parts according to the position of the maximum of the numerical solution. If the interval on the left side of the maximum is longer than the right one, the first point from the left interval is cut and added to the end of the other interval. The procedure is to be repeated until the two intervals are of equal length.
Using the algorithm proposed in [14] with the modifications we explained above we get the following numerical procedure.
Algorithm.
Step 1: Given an initial solution U 0 at time t = t 0 , equidistribute the mesh exactly using a discretization of the exact equidistribution principle (M x) ξ = 0. Given an initial value α * , set α = α * .
⇓
Step 2: Increase the time level to t = t n+1 and take a guess at the new mesh positions using x n+1,0 j = x n j and move grid from x n+1,m j to x n+1,m+1 j using (26) and compute U n+1,m+1 j on the new grid based on the Godunov scheme (14) with ν ≤ 0.9. If ν > 0.9, go set α := α + 10 and go to the beginning of Step 2. Repeat the updating procedure until x n+1,m+1 − x n+1,m ≤ ε.
Step 3: Compute U n+1 j on the new mesh x n+1 j obtained in the pervious step to get the solution approximations at time level t n+1 . ⇓
Step 4: If t n+1 ≤ T, go to step 2.
4. Application to the solutions with singular shock 4.1. Pressureless system. Denote with u s and w s the singular parts of the delta shock wave (5), i.e.
and set
Clearly, Q and P represent the surfaces above the non-constant parts of the solution components. The definition of delta function imply Ddx ≈ 1, so Q ≈ s 1 (t). By using (11) and (12) one gets
From (27) and (28) it follows that both P and Q are linearly time dependent, so their ratio is constant, i.e. P/Q = c.
4.2.
Perturbation by a hyperbolic system. Consider now the isentropic (psystem) gas dynamics system
with the initial data
where p(u) = µu γ , γ ∈ (1, 3). After a renormalization, one can take µ = (γ − 1) 2 /(4γ) and when µ → 0, then γ → 1. In numerical tests we shell do both cases: when γ is a constant and when it tends to 1.
Since we are doing the case when the vacuum state does not appear, it is possible to look at the system after a change of variables uv → w,
and the initial data are
where w l /u l > w r /u r . The isentropic system is strictly hyperbolic with both of the fields being genuinely nonlinear. The shock curves are given by
In [1], the authors proved that for each pair (u l , w l ), (u r , w r ) such that w l /u l > w r /u r , solution consists from two shock waves, and this solution tends to a delta shock wave as µ → 0. The obtained delta shock wave in the limit is the same as the one solving pressureless system (when µ = 0). With the same arguments as in that article, one can prove that this stays true for renormalized γ. These facts are verified numerically here after pressureless system.
Numerical Results
Let us now consider the system (3) with the initial data (2). Since the initial conditions are discontinuous, the selection of an appropriate initial mesh is of particular importance. In order to allow mesh points to concentrate on or near initial discontinuities, the data must be smoothed over some finite width. We therefore replace (2) with a smoothed function of the form
where U l = (u l , w l ), U r = (u r , w r ) and ε = 0.005 as the smoothing width. The description of parameters used in our examples can be found in Table 1 .
spatial domain J number of mesh points α * initial value of the regularizing factor α final value of the regularizing factor obtained by the program µ perturbation coefficient tending to zero γ ∈ (1, 3) is fixed or depending on µ Table 1 . The description of parameters used in our examples
We use the following data for numerical examples.
We compare the results obtained without and with perturbation by the isentropic system. In the later case we take µ ∈ {0.01, 0.001, 0.0001}, γ = 1 = 2µ + 2 µ + µ 2 and γ = 5 3 . Theorem 1 gives the predicted speed c = 0.18257 and mass quotient P/Q = 0.18257. Also one could check whether both of P and Q are linearly time dependent or not.
The results are the summarized in the following tables. Table 3 . 
